Abstract: This paper presents a pseudo-deterministic catchment runoff model based on the Richards equation model -the governing equation for subsurface flow. The subsurface flow in a catchment is described here by two-dimensional variably saturated flow (unsaturated and saturated). The governing equation is the Richards equation with a slight modification of the time derivative term, as considered e.g. by Neuman. The nonlinear nature of this problem appears in the unsaturated zone only, so it was possible to make use of adaptive domain decomposition algorithm. However delineating of the saturated zone boundary is a nonlinear computationally expensive issue. The simple one-dimensional Boussinesq equation was used here as a rough estimator of the saturated zone boundary. With this estimate the adaptive domain decomposition could always start with an optimal subdomain split, and thus it is now possible to avoid solving huge systems of linear equations in the initial iteration level.
Introduction
Runoff modeling forms a fundamental part of hydrology. It is an important tool for predicting the response of a catchment to extreme hydrological events like droughts or extreme rainfalls. For sustainable landscape development, it is essential to understand the behavior of the catchment. A distinction is often made between empirical and physically-based runoff models. Physically-based models compared to the empirical models can help the researcher to understand the processes that generate a discharge or lead to a specific soil moisture distribution. Particularly in steep forested catchments, rapid shallow subsurface runoff takes place in the absence of surface runoff [1] , [2] .
To model the transient soil moisture distribution at hillslope scale, Freeze [3] developed a very physically-based three-dimensional model describing variably saturated transient water flow in a porous medium.
It is not always necessary to perform three-dimensional computation. There have already been attempts to approximate the soil profile within a hillslope by a representative two-dimensional cross-section. For example, Kao et al. [4] used a twodimensional solution of the Richards' equation to explore the thickness of the transition zone above the water table and the flow direction in the transition zone. Assigning different hydraulic conductivities and solving the Richards' equation in a twodimensional profile to simulate an effect of soil pipes showed a satisfactory match with the measured data, see [5] . Another application can be found in [6] , where the hillslope runoff regime was investigated on a two-dimensional model. Two-dimensional catchment runoff modeling is a classical but still state of the art issue. A hypothesis whether a single hillslope can represent entire mesoscale catchment was recently examined by Loritz et al. [7] . Another works by Bishop et al. [8] , Wienhöfer and Zehe [9] , and Klaus and Zehe [10] focused on the lateral and preferential flow networks in catchment by evaluating a physically based runoff model.
Modeling the hillslope discharge with the Boussinesq equation has been presented e.g. by Troch et al. [11] and Paniconi et al. [12] . This concept was tested on hillslopes with different shapes and slopes, while comparing the solution with the solution to the three-dimensional Richards equation.
An accurate and efficient numerical solution of the Richards equation has been worked on by several researchers. Time adaptivity algorithms were studied in Authors' papers [13] , [14] , while spatial adaptivity (h-and hp-adaptivity and adaptive domain decomposition (dd-adaptivity)) have been studied in other papers by the Authors [15] , [16] , [17] , [18] .
The aim of this paper is to present a numerical technique for solving the Richards equation in two-dimensions under variably saturated conditions (saturated and unsaturated), that combines the adaptive domain decomposition method (dd-adaptivity) and Boussinesq equation as an estimator. When solving the Richards equation the computational issue appears in the unsaturated zone, in the saturated zone the Richards equation degenerates into the Laplace equation, and so using the adaptive domain decomposition could significantly decrease the number of degrees of freedom of the nonlinear problem. The Bousinesq equation was used here for the initial subdomain split estimate. This two-dimensional Richards equation model with Boussinesq equation estimator was considered here as a catchment runoff model, which was finally tested on real-world case study -a seasonal runoff model of Modrava 2 experimental catchment, Czech Republic. This paper is organized as follows. The governing equations for subsurface flowboth the Richards equation and Boussinesq equation -are presented. The dd-adaptivity is briefly presented here, and a comparison is made with the previous works of the
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Author. The dd-adaptivity algorithm is combined here with the Boussinesq equation, which is used as a predictor for the initial subdomain split and the initial condition setup. The problem is implemented for a two-dimensional problem, where the catchment runoff is simulated as the runoff on a representative two-dimensional cross section. In order to provide an evaluation of the physically based concept, the model is tested against real hydrological data originating from Modrava experimental catchment, Czech Republic.
Governing equations for subsurface flow
The governing equations for subsurface flow originate from the law of mass conservation. Under saturated conditions, the flux is governed by the Darcy law. In case of variable saturation (both saturated and unsaturated), the flux is governed by the Darcy-Buckingham law, which can be understood as an extension of the Darcy law.
While the flow in a porous medium is naturally three-dimensional, and threedimensional problems produce difficulties in both numerical and analytical solutions, a number of approximations have been published in the past that reduce the dimensions of the problem.
The following sections will present the standard Richards equation, which can be used to describe both unsaturated flow and saturated flow in a porous medium. Later, the Boussinesq equation, originating from the well-known Dupuit approximation will be presented here. The Boussinesq equation approximates the naturally two-dimensional problem of the flow over a sloping impermeable layer into a one-dimensional problem. And finally the numerical solution of the Richards equation, which is used here as a runoff model, is presented in these sections. The Richards equation is efficiently treated here by dd-adaptivity [16] , [17] , [18] , with the Boussinesq equation as a predictor.
Richards equation
In brief, the mathematical model of variably saturated flow (the saturated zone and the unsaturated zone) is assumed here as the Richards equation in h-form, where h is a so-called pore hydrostatic pressure head [L] . This equation was originally published by L.A. Richards [19] . Modification of the original equation, which extends its validity into the saturated zone with non-zero specific storage, see e.g. Huyakorn [20] or Neuman [21] is considered here. Works by Tocci et al. [22] and also by Kuraz et al. [13] , [14] suggest temporal adaptivities that preserve the mass balance.
The Richards equation in h-form is presumed as 
where ( ) [23] and by the Mualem model [24] .
It is apparent that in the saturated state (for h>0) and for the homogeneous medium the equation (1) becomes 
It is apparent that dd-adaptivity algorithm will be highly efficient here.
Boussinesq equation for a sloping impermeable layer
The problem of saturated flow over a sloping impermeable layer can be treated by an extended form of the Dupuit-Forchheimer assumption, where the streamlines are parallel to the impermeable layer [25] . Then the Boussinesq equation states as follows [26] ( )
where K S is saturated hydraulic conductivity [L. Fig. 1 . 
Numerical treatment
This section briefly presents the numerical implementation of the governing equation. A few remarks on adaptive domain decomposition (dd-adaptivity) will be given here, and an interested reader can find further details in the references [16] , [17] , [18] .
Both the Richards and the Boussinesq equation were implemented into the DRUtES project [27] -an object oriented library for finite element method and Schwarz type domain decomposition for solving nonlinear time-dependent convection-difussionreaction type equations. This project was developed by the authors.
The Richards equation has already been the subject of a number of previous publications. The strong and weak formulations of the equation have been covered in depth in [14] , [16] , [28] . For particular details about finite element method implementation for this class of problems see e.g. [29] or [30] .
The Boussinesq equation (5) was assumed in the following scheme
which satisfies the nonlinear convection-diffusion-reaction type equation.
Since dd-adaptivity is not a standard term, the following section will briefly present the method. 
dd-adaptivity
The algorithm referred to here as dd-adaptivity is assumed in the following way:
• The mesh is initially decomposed into a large number of small subdomains. This subdomain split is referred as a coarse mesh here; • Each element of the coarse mesh is referred as a cluster here ; • A graph of the coarse mesh is created, in order to easily identify neighbors of each cluster; • Either a single cluster can form a subdomain, or several clusters can be joined to form a subdomain; • Thus the cluster is the basic unit that is used to form the subdomain split, which changes adaptively in time.
The following text will define the rules applied for constructing the subdomains.
Adaptive subdomain construction will be explained on the basis of the following example.
Let us consider a certain Richards equation problem that is solved on the domain 2 ℜ ⊂ Ω . The computational domain Ω is already discretized, and the discretization mesh is already decomposed into clusters. Then the adaptivity criterion for ddadaptivity is the number of iterations required for the nonlinear solver to converge. Let us consider some arbitrary non-linear iteration method that evaluates for each iteration level a vector of corrections c. Then for each cluster i there can define a vector of corrections c i , and thus a progression of overlapping or non-overlapping vectors is obtained (depending on the domain decomposition method). Then the adaptivity is performed as follows:
• if a certain cluster i required more than one iteration to converge, i.e. 
Boussinesq equation estimator
The Boussinesq equation is just a one-dimensional problem, so its numerical solution has low computational costs. The equation is based on Dupuit's approximation, and its validity is guaranteed for cases of Darcian flow, where the hydraulic gradient does not significantly differ from the geodetic gradient, which is a typical property of groundwater flow. The solution of the Boussinesq equation is used to assemble an initial subdomain split -see Fig. 3 , and for estimating the initial condition. The algorithm was constructed in the following way:
• Solve the Boussinesq equation (5) 
for details see Fig. 4 , note that above the groundwater table h(x,z) is negative and
where Ω is in this case the computational domain in 2 ℜ ; • All clusters below the estimated groundwater water table are joined into a single subdomain (the problem is governed by linear equation (3), the clusters above the groundwater table forms a set of subdomains (the problem is governed by nonlinear equation (1) 
Two-dimensional hydrological conceptual model of the Modrava catchment
The Modrava 2 experimental catchment, located in the Sumava mountains, Czech Republic (GPS 48 o 58'10.489"N, 13 o 30'25.751"E), was considered here for the case study to evaluate runoff model on a real data set.
The Modrava 2 experimental hydrological catchment has the following geometrical properties: the total area is 0.16 km 2 , the average depth of the impermeable layer is 3 m, and the average slope is 0.15. The topography of the Modrava catchment is depicted in Fig. 5 . If the dimensions of the Modrava catchment is taken into consideration, then appropriate discretization (for an estimated spatial step of 10 cm) for p=1 approximation would roughly require 3.2x10 8 degrees of freedom (DOFs). Since the Richards equation is nonlinear and requires typically short time steps (for the material involved here the appropriate time step was roughly estimated as ∆t=10 -4 hrs (using the time adaptivity method published by the author in [9] , [10] ). Since the proposed simulation time covers Pollack Periodica 12, 2017, 1 the entire hydrological season (May-October), i.e. 184 days (4416 hrs)), then if using the standard Rothe method for temporal integration there is needed to solve 4x10 7 systems of nonlinear equation sequentially. Since each time level requires for the porous material involved here on an average 5 iterations, the problem is described by 2x10 8 systems of linear equations with 3.2x10 8 DOFs. Therefore several simplifications have to be introduced in order to be able to resolve this problem. 
Transforming the catchment into a two-dimensional conceptual model -hypothesis and model construction
The following hypothesis was applied here. The flow in the catchment is mainly governed by the subsurface flow. If an appropriate longitudinal cross section is selected then the discharge in the watershed outlet has a linear relation with the specific flux through the lower boundary of this cross section representing the interface between groundwater aquifer and river basin.
Let q S [M.L -2 ] be a specific discharge (outflow) from two-dimensional computational domain Ω through the Dirichlet boundary (representing the interface between groundwater aquifer and river basin), and let Q [M.L -3 ] be a discharge through the closure profile (watershed outlet), then the relation between q S and Q can be expressed as
where constants c 1 and c 2 are the constants of the linear relation, and express the geometrical properties of the catchment. Moreover constant c 2 represents the underchannel flow under the watershed outlet (the non measurable part of the catchment runoff). The selected representative longitudinal cross section is depicted in Fig. 6 . The selection was based on the recent georadar observations, which gave a detailed description of the depth and slope of the impermeable layer. With this simplification, it was possible to construct a computational domain that could be discretized with a significantly lower number DOFs. The simplified domain 2 ℜ ∈ Ω was recently discretized with just 36000 DOFs. The domain is extremely narrow, see Fig. 7 . The ratio between width and length is only 0.003, and this geometrical property will affect the conditioning of the system of linear equations that will arise from discretization of this domain. Fig. 7 . Discretization of the characteristic longitudinal cross section
Model definition -initial and boundary conditions
As stated above the computational domain Ω was discretized with a triangular nonuniform mesh with 36053 nodes and 64477 elements (see Fig. 8 ).
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The boundary conditions are stated as follows:
where n is the normal vector of the Γ 1 boundary, and n 2 is the vertical component of the normal vector;
• Γ 2 : Dirichlet boundary condition (water table)
where z w is the elevation of the water table, and x 2 is the vertical component of each boundary point. In this case z w is located at the interface between the boundary Γ 2 and Γ 3 ; • Γ 3 : Neumann boundary condition (rainfall or evapotranspiration)
where q(t) is either the interception or the actual evapotranspiration. The evaluation of the actual evapotranspiration will be explained in the following section.
Evaluating rainfall/evapotranspiration boundary
The Modrava 2 catchment has a long history of hydrological measurements. The rainfall data and also the discharge data in the watershed outlet are available in 15 min time steps. The problem typically arises with the actual evapotranspiration. Since temperature data are also available, the method recommended by Oudin [31] 
where PE is the daily potential evapotranspiration amount 
where J is the number of the current day in the year (January 1: J=1), δ is the solar declination constant evaluated as The actual evapotranspiration AE is obtained as follows. If the rainfall intensity is greater than the potential evapotranspiration, then the actual evapotranspiration is equal to the potential evapotranspiration. If the rainfall intensity r(t) is smaller than the potential evapotranspiration PE, then the actual evapotranspiration AE is obtained by reducing the potential evapotranspiration PE by the surface water content considered as ( ) 
Initial condition
Ideally, the initial condition would be the steady state solution of the Richards equation (1), with the boundary condition setup defined in the previous section. Only the time-dependent boundary condition Γ 3 should be assumed as an average value over the measured data of q(t). The total number degrees of freedom is 36053, and the Dirichlet boundary condition is defined only for 26 nodes. The estimated minimal and maximal eigen numbers are as follows λ min =-2.1x10 -14 and λ max =-8.6x10 -8 , so the conditioning κ~4x10
7 . Despite the fact that this is not an extremely poor conditioning we still preferred to use the Boussinesq equation (5) to assign the initial condition as described in the previous section.
Therefore it was found that it is helpful here to assign the steady state solution to the Boussinesq equation, as explained in section 3.2.
Porous media parameters
The search for parameters of the porous media that describe the catchment is given in a different paper by the authors [32] . For simpicity a homogeneous medium with the parameters presented in Table I .
Table I
The unsaturated hydraulic parameters for the soil profile of the Modrava catchment
0.01354 0.0 0.50 3.39 1.14 0.123 0.01
Results and discussion
As it is given in the above hypothesis there is a linear relation between the outflow through the boundary Γ 2 and the discharge in the watershed outlet. The relation between q S and Q presumed in equation (9) was finally identified as
(20) Fig. 9 depicts the real measured data and the simulated data of discharge in the watershed outlet. It is apparent that during the first 1500 hrs ( 2 ≈ month) of simulation model underestimated the outlet discharge. The reason could be possibly found in the influence of the initial condition that underestimates the real water balance of catchment after the winter season. The rest of the summer season seams to be described more accurately, however it turns out that the real data are smoother than the simulated data. 
Conclusions
This paper presented deterministic runoff model applied on Modrava 2 catchment, located in Sumava mountains, Czech Republic. The model is based on Richards equation -a mathematical model of flow in porous media under variably saturated conditions. Complicated three-dimensional geometry of the catchment was reduced into two-dimensional conceptual model, where the two-dimensional model geometry originated from representative longitudinal cross section, which was previously well described by georadar observations. Because the Richards equation in saturated state degenerates into Laplace equation, the computational cost could be further reduced by applying the dd-adaptivity algorithm. Initial condition was presumed as steady state solution of the Richards equation where the time-dependent rainfall/evapotranspiration was substituted by annual average value. Since the dd-adaptivity algorithm cannot be used for steady state solution, and since the conditioning of the matrix resulting from discretization of the steady state model was poor, the initial condition was estimated from the steady state solution of the one-dimensional Boussinesq equation.
The model was evaluated on real hydrological data of Modrava catchment. A technique for evaluating actual evapotranspiration from potential evapotranspiration have been introduced by reducing the potential evapotranspiration by surface water content.
The simulated data were compared with the real measured data. In the first third of the simulated period underestimation of the watershed outlet discharge have been observed. The reason could be probably found in underestimation of the initial catchment water balance. But in the last two thirds of the simulated period the model had reasonable correspondence with the real data. However the selection of the representative cross section is still a chalenging topic. Just a single representative cross section is probably not sufficient for representing the entire catchment.
